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We classify the connected orientable 2-manifolds whose mapping class groups have
a dense conjugacy class. We also show that the mapping class group of a connected
orientable 2-manifold has a comeager conjugacy class if and only if the mapping
class group is trivial.
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Introduction

A topological group has the Rokhlin property if it contains a dense conjugacy class. The
Rokhlin property is a statement about the dynamics of a topological group acting on
itself by conjugation; in fact, in the setting of completely metrizable groups, the Rokhlin
property is equivalent to this group action being topologically mixing. Examples
of groups with the Rokhlin property include the symmetric group on a countably
infinite set, the homeomorphism groups of the Cantor set and the Hilbert cube, the
group of orientation-preserving homeomorphisms of an even-dimensional sphere, the
automorphism groups of the random graph and the countably infinite-rank free group,
and the isometry group of the rational Urysohn space. (See the introduction of [16] for
more history, context, and references with regards to these examples.)
The goal of this article is to classify all connected orientable 2-manifolds1 whose
mapping class groups have the Rokhlin property. The mapping class group MCG(S) of
an orientable 2-manifold S is the group of homotopy classes of orientation-preserving
homeomorphisms. Viewing MCG(S) as a quotient of the group of orientation-preserving
homeomorphisms S → S, denoted Homeo+ (S), we equip MCG(S) with the quotient
topology with respect to the compact-open topology on Homeo+ (S).
The statement of the main theorem below relies on terminology introduced by Mann–
Rafi [22], namely the notion of a maximal end of a surface. We will introduce the
relevant definitions in detail in Section 2; in the meantime, we will follow the theorem
statement with several examples.
1

A surface can have boundary, so we use the term 2-manifold when we want to stress there is
no boundary. This is further clarified in Section 2.
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Theorem 6.1 The mapping class group of a connected orientable 2-manifold has the
Rokhlin property if and only if the manifold is either the 2-sphere or a non-compact
manifold with a unique maximal end and whose genus is either zero or infinite.
Despite the restrictive conditions in Theorem 6.1, there are uncountably many 2manifolds whose mapping class groups have the Rokhlin property. Other than the plane
and the sphere, whose mapping class groups are trivial, the two simplest examples are
the Loch Ness monster surface—the connected orientable one-ended infinite-genus
2-manifold—and the flute surface—the plane with an infinite closed discrete set removed
(these are depicted in Figure 1). The Loch Ness monster surface has a unique end,
so it is maximal; the flute surface has a unique non-isolated end, which is the unique
maximal end.
On the other hand, there are several ways for a mapping class group to fail to have
the Rokhlin property as we will see. One mapping mapping class group that fails to
have the Rokhlin property is the mapping class group of a 2-sphere with a Cantor set
removed (the so-called Cantor tree surface). This is surprising for two reasons. First,
as already noted, both the group of homeomorphisms of the Cantor set and the group
of orientation-preserving homeomorphisms of the 2-sphere have the Rokhlin property,
and yet this property is not passed to the mapping class group. Second, the Cantor tree
surface and the Loch Ness monster surface are the standard examples of the two ways
in which a surface can have a self-similar end space. In previous work, the theory of
mapping class groups of surfaces with self-similar end spaces has tended to coincide
(see [1, 18, 22]).

Figure 1: The Loch Ness monster surface, the flute surface, and the Cantor tree surface.

A dense set need not take up much room, and this is the case for dense conjugacy classes
in mapping class groups: we finish the article with proving that nontrivial mapping
class groups do not contain generic elements, that is, no conjugacy class is comeager.
Theorem 7.1 The mapping class group of an orientable 2-manifold has a comeager
conjugacy class if and only if the mapping class group is trivial.
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As we discuss in detail later in the introduction, the motivation for Theorem 7.1 is to
show that no nontrivial mapping class group has ample generics, which has connections
to the automatic continuity property.
Theorem 6.1 and Theorem 7.1 were recently and independently obtained by Hernández,
Hrusak, Morales, Randecker, Sedan, and Valdez [14].
It is natural to ask if there exist mapping class groups that fail to have the Rokhlin
property, but have the virtual Rokhlin property, that is, if they have a closed finite-index
subgroup with the Rokhlin property. In a forthcoming sequel paper, the authors prove
the existence of such mapping class groups and give a full classification of them. This
further work is also motivated by the fact that Corollary 1.1 below holds more generally
for groups with the virtual Rokhlin property.

Applications
Homomorphisms to countable groups. The Rokhlin property, though topological and
dynamical in nature, can have algebraic consequences when coupled with automatic
continuity properties of classes of discrete groups. A group G is called cm-slender
(resp. lcH-slender) if, for any completely metrizable group (resp. locally compact
Hausdorff group) H , the kernel of every abstract homomorphism H → G is open. A
group with the Rokhlin property cannot contain any proper open normal subgroups, and
therefore every homomorphism from a completely metrizable group or locally compact
Hausdorff group with the Rokhlin property to a cm-slender or lcH-slender group is
trivial.
The class of cm-slender and lcH-slender groups is quite broad and includes free and free
abelian groups [8]; torsion-free word-hyperbolic groups, Baumslaug–Solitar groups,
and Thompson’s group F [4]; and non-exceptional spherical Artin groups (e.g. braid
groups) [6]. More generally, in [4], Conner–Corson give several algebraic and geometric
properties that imply a group is cm- and lcH-slender as well as show that these properties
are closed under direct products, free products, and graph products. Also, note that in
the sense of Gromov [12], a generic finitely generated group is torsion-free hyperbolic;
hence, a generic finitely generated group is cm- and lcH-slender. Further, Conner [5]
conjectures a countable group is cm-slender if and only if it is torsion free and does not
contain an isomorphic copy of Q.
Mapping class groups are completely metrizable, so we record the algebraic consequences of our theorems stemming from the above discussions.
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Corollary 1.1 Every homomorphism from a mapping class group with the Rokhlin
property to a cm-slender group is trivial; in particular, any homomorphism from such a
mapping class group to a free abelian group, free group, torsion-free word hyperbolic
group, non-exceptional spherical Artin group, Baumslaug–Solitar group, or Thompson’s
group F is trivial.
It has proven difficult to find proper normal countable-index subgroups of mapping class
groups of surfaces with self-similar end spaces; Corollary 1.1 provides an explanation
of this difficulty in the case of a unique maximal end.
Conner’s conjecture would suggest that to find a normal subgroup of countably infinite
index, then one would need to construct a homomorphism to the rationals: in [7], Domat
and Dickmann do just that for the case of the mapping class group of the Loch Ness
monster surface. Their homomorphism is (necessarily) discontinuous; in contrast, in the
case of the mapping class group of the Cantor tree surface, where every homomorphism
to the rationals must be continuous [21] (see discussion below on automatic continuity),
the second author [33] has shown that no normal countable-index subgroups exist.
Infinite-degree symplectic group. Let V be an infinite-rank Z-module with countable
basis {an , bn : n ∈ N} and let w be a symplectic form such that w(an , am ) = w(bn , bm ) =
0 and w(an , bm ) = δn,m for all n, m ∈ Z. The infinite-degree integral symplectic
group, denoted Sp(N, Z), is the group of automorphisms of V preserving w. In [9,
Corollary 3.3], it is shown that there is a continuous epimorphism MCG(L) → Sp(N, Z),
where L is the Loch Ness monster surface (the topology on Sp(N, Z) is defined
analogously to the presentation given in Section 2.3 for the mapping class group,
see [9, Section 3] for more details). It immediately follows from Theorem 6.1 that
Sp(N, Z) has the Rokhlin property:
Corollary 1.2 The group Sp(N, Z) has the Rokhlin property.
More generally, Hensel, Fanoni, and the second author in [9] give a characterization of
the image of MCG(S) in Sp(N, Z) for an arbitrary connected orientable infinite-type
2-manifold S under the action of MCG(S) on its first homology. It follows that this
image group has the Rokhlin property whenever S has a unique maximal end and its
genus is either zero or infinite.
We note that it is possible to directly apply the methods in Section 4.1 to Sp(N, Z) to
prove Corollary 1.2 without reference to mapping class groups.
Zero-dimensional spaces. The end space of a 2-manfiold is a compact, secondcountable, zero-dimensional, Hausdorff topological space, and moreover, every such
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space can be realized as the end space of a 2-manifold. The mapping class group of a
2-manifold naturally acts on its space of ends, and the induced homomorphism from the
mapping class group to the homeomorphism group of its space of ends is continuous
and surjective. We therefore have the following corollary of Theorem 6.1:
Corollary 1.3 If a compact, second-countable, zero-dimensional, Hausdorff topological space E has a unique maximal point, then its homeomorphism group Homeo(E)
has the Rokhlin property.
As a specific example of Corollary 1.3, we recover the fact that the symmetric group on
a countably infinite set has the Rokhlin property—it is known that this symmetric group
has a comeager conjugacy class [32]. More generally, Corollary 1.3 gives an uncountable
family of examples of compact metric spaces whose homeomorphisms groups have the
Rokhlin property. Constructing such spaces was the goal of Glasner–Weiss in [11]. The
examples they produced were the Cantor Set, the Hilbert cube, and even-dimensional
spheres (with the restriction to orientation-preserving homeomorphisms).

Motivation
A Polish group G has the automatic continuity property, or ACP, if every homomorphism
from G to a separable topological group is continuous (see [29] for a survey). Groups
with the ACP exhibit a deep connection between their algebra and topology. For
example, the homeomorphism group of any closed manifold [20, 28] have the ACP.
A group G has ample generics if for each n ∈ N there is a comeager orbit of the
diagonal conjugacy action of G on Gn . In [16], Kechris–Rosendal show that if a group
has ample generics, then it has the ACP. For example, the homeomorphism group of the
Cantor set has ample generics [17], and hence the ACP. Observe that in order to have
ample generics, a group must have a comeager conjugacy class and hence also a dense
conjugacy class.
Unfortunately, as a consequence of Theorem 7.1, we see that no mapping class group of
a non-simply connected orientable 2-manifold has ample generics, which we record
here.
Corollary 1.4 The mapping class group of an orientable 2-manifold has ample generics
if and only if it is trivial.
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Note, this result does not preclude a mapping class group from having the ACP; it only
prevents the approach using ample generics. In fact, the question of which mapping
class groups have the ACP has turned out to be quite complicated: it is known that
the mapping class group of the 2-sphere minus a Cantor set has the ACP [21] and the
mapping class group of the Loch Ness monster does not [7]. (Mann [21] gives other
examples of mapping class groups with and without the ACP.)

Outline
In Section 2 we gather necessary preliminaries, and in particular recall the work of
Mann–Rafi [22]. Their work allows us to split the proof of Theorem 6.1 into three
main cases. These three cases are considered in the following three sections: Section 3,
Section 4, and Section 5. In Section 6 we prove Theorem 6.1, and we finish in Section 7
with proving Theorem 7.1.
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Preliminaries

With the goal of making this article more accessible to those studying groups from
either a topological or geometric perspective, we give a detailed preliminary section.
We first establish the equivalence between the Rokhlin property and topological mixing
in the setting of Polish groups. Then we briefly recall some basic surface and mapping
class group theory. We finish with describing the binary relation on the space of ends of
a surface introduced by Mann and Rafi. For more background on mapping class groups
of infinite-type surfaces, we refer the reader to the survey [3].
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Polish groups and the joint embedding property

A topological space is Polish if it separable and completely metrizable; a topological
group is Polish if it is Polish as a topological space. In this subsection, we give a
standard dynamical reinterpretation of the Rokhlin property in the setting of Polish
groups that we will use throughout the article to establish Theorem 6.1.
Definition 2.1 A topological group G has the joint embedding property, or JEP,
if given any two nonempty open sets U and V in G there exists g ∈ G such that
U ∩ V g 6= ∅ (here, V g = {gfg−1 : f ∈ V}). This is equivalent to the conjugation action
of G on itself being topologically mixing.
The following theorem is a common trick to find a dense conjugacy class in a Polish group.
For convenience, we provide the proof given by Kechris and Rosendal in [16, Theorem 2.1
and its following remark].
Theorem 2.2 Let G be a Polish group. Then, G has a dense conjugacy class if and
only if G has the JEP.
Proof First assume that G has the JEP. Let B be a countable basis for G, and, for each
U ∈ B, define
[
DU =
Ug.
g∈G

The JEP implies that DU is dense in G and it is clear that DU is open. The Baire
category theorem tells us that G is a Baire space and in particular the set
\
D=
DU
U∈B

is dense. By construction, the conjugacy class of any element in D is dense.
For the converse, assume that the conjugacy class of g in G is dense. Given open sets
U1 and U2 of G there exist h1 and h2 in G such that hi gh−1
∈ Ui for i ∈ {1, 2}. It
i
−1
h
follows that U1 ∩ U2 6= ∅, where h = h1 h2 ; hence, G has the JEP.

2.2

The classification of surfaces

The standard reference for the material in this subsection is [27].
A 2-manifold (resp. surface) is a second-countable Hausdorff topological space in
which every point has a neighborhood homeomorphic to an open subset of the plane
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(resp. the closed half-plane). The boundary of a surface S, denoted ∂S, is the set of
non-manifold points; the interior of S is the set of manifold points, namely S r ∂S. A
surface is of finite type if it can be realized as a compact surface with a finite number of
points removed from its interior. A 2-manifold is of infinite type if it is not of finite type.
A surface is planar if it is homeomorphic to a subset of R2 ; equivalently, a surface is
planar if it has genus zero and it is not homeomorphic to the 2-sphere.
An exiting sequence in a manifold M is a sequence of connected open subsets {Ωn }n∈N
T
such that, for every n ∈ N, ∂Ωn is compact, Ωn+1 ⊂ Ωn , and n∈N Ωn = ∅. Two
exiting sequences {Ωn }n∈N and {Ω0n }n∈N are equivalent if for every n ∈ N there exists
m ∈ N such that Ωm ⊂ Ω0n and Ω0m ⊂ Ωn . An end of M is the equivalence class of an
exiting sequence; let E(M) denote the set of all such equivalence classes.
We now explain how to topologize E(M). Given a subset Ω of M with compact
boundary, define
b = {e = [{Ω0n }n∈N ] ∈ E(M) : there exists n ∈ N such that Ω0n ⊂ Ω}.
Ω
The space of ends of M , also denoted E(M), is the set of all ends of M equipped with
b with Ω ⊂ M open with compact boundary.
the topology generated by the sets of form Ω
With this topology, the space of ends of a manifold is compact, totally disconnected,
second countable, and Hausdorff; in particular, it is homeomorphic to a closed subset of
the Cantor set.
If Ω is an open subset of M with compact boundary and e is an end of M such that
b then we say that Ω is a neighborhood of e in M . An end of a surface is planar
e ∈ Ω,
if it has a neighborhood in the surface that is homeomorphic to an open subset of the
plane; otherwise, it is non-planar and, in an orientable surface, every neighborhood of
the end in the surface has infinite genus. The set of non-planar ends, denoted Enp , is a
closed subset of E. With this setup, we can now state the classification of connected
orientable surfaces with compact boundary.
Theorem 2.3 Let S and S0 be connected orientable surfaces of the same (possibly
infinite) genus and with (possibly empty) compact boundary with the same number of
boundary components. Then, S and S0 are homeomorphic if and only if there exists a
homeomorphism E(S) → E(S0 ) sending Enp (S) onto Enp (S0 ).
As an example of this classification in action, a pair of 2-manifolds is depicted in
Figure 2. Since each has a single end, and both are non-planar, the pair of 2-manifolds
are in fact homeomorphic.
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Figure 2: Two realizations of the Loch Ness monster surface.

2.3

Mapping class groups and curves on surfaces

We now introduce mapping class groups and facts about their topology (see the recent
survey [3] for further details regarding topology of mapping class groups). We also
introduce curve graphs, subsurface projections, and Alexander systems.
2.3.1

Mapping class groups and their topology

The mapping class group, denoted MCG(S), of an orientable surface S is the group of
homotopy classes of orientation-preserving homeomorphisms S → S with the additional
restriction that every homeomorphism and homotopy fix the boundary of S pointwise.
We denote the group of orientation-preserving homeomorphisms S → S fixing ∂S
pointwise by Homeo+
∂ (S); when ∂S = ∅ (or if we want to drop the assumption on ∂S),
we simply write Homeo+ (S). We equip Homeo+
∂ (S) with the compact-open topology
and equip MCG(S) with the corresponding quotient topology. With this topology, the
mapping class group is Polish. Note that the mapping class group of a surface with
compact boundary is discrete if and only if the surface is of finite type.
It will be useful to have a more combinatorial description of the topology of MCG(S).
A simple closed curve on a surface is essential if no component of its complement is
homeomorphic to a disk, once-punctured disk, or annulus. Let C(S) denote the set of
isotopy classes of essential simple closed curves on S. Given a subset A of C(S), we
define the subset UA ⊂ MCG(S) by
UA = {ϕ ∈ MCG(S) : ϕ(a) = a for all a ∈ A}.
The elements of {UA : A ⊂ C(S) and |A| < ∞} together with their MCG(S)-translates
form a basis for the topology on MCG(S) defined above whenever S has empty boundary
and MCG(S) has trivial center (in the case of boundary, it is possible to slightly modify
the above definition, see [2, Section 2.4]). Note that there are only finitely many
connected orientable 2-manifolds whose mapping class groups have nontrivial center; in
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particular, the center of the mapping class group of an infinite-type 2-manifold is always
trivial [19, Proposition 2], and there are only finitely many finite-type 2-manifolds
whose mapping class group has nontrivial center [25, Theorem 5.6].
2.3.2

Curve graphs

All of our proofs will rely on studying the intersection of essential curves. Given two
elements a, b ∈ C(S), their geometric intersection number is the quantity
i(a, b) = min{|α ∩ β| : α ∈ a, β ∈ b},
where α and β are representatives of a and b. Two simple closed curves are in minimal
position if they minimize the geometric intersection number of their homotopy classes.
We say that two subsurfaces Σ1 and Σ2 of S have nontrivial geometric intersection
if there exist c1 , c2 ∈ C(S) such that ci has a representative contained in Σi and
i(c1 , c2 ) 6= 0; equivalently, Σ1 and Σ2 have trivial geometric intersection if Σ1 is
homotopic to a subsurface disjoint from Σ2 .
It will be helpful for us to consider a standard metric on the set C(S) and recall a few
properties. We define a symmetric binary relation on C(S) relating two distinct elements
of C(S) if they have disjoint representatives in S: the set C(S) with this relation is
known as the curve graph of S. In turns out that if the graph C(S) has at least one edge,
then it is connected (see [24, Lemma 2.1]), which allows us to define the metric dC(S)
to be the path metric on C(S) associated with the above relation and where an edge
is given length 1. For instance, if S has at least five ends, five boundary components,
or genus greater than one, then C(S) is connected. (In the literature, it is standard to
modify the definition of the graph in the other cases so C(S) is connected, but this
will not be relevant here.) In this metric, we will use the following fact: if S is a
connected orientable finite-type surface such that C(S) is connected, then given D > 0
there exists f ∈ MCG(S) such that dC(S) (c, f (c)) > D for all c ∈ C(S); for instance, f
can be taken to be a sufficiently high power of any pseudo-Anosov homeomorphism,
see [24, Proposition 4.6].
2.3.3

Subsurface projections

Let Σ be a subsurface of a surface S such that the embedding of Σ into S induces an
embedding of C(Σ) into C(S); for instance, if each component of ∂Σ is an essential
separating simple closed curve in S. Let c ∈ C(S) be such that there exists a ∈ C(Σ)
satisfying i(a, c) 6= 0. Assuming that ∂Σ and c are in minimal position, a projection
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of c to C(Σ) is defined to be any b ∈ C(Σ) obtained by taking a component of the
boundary of a regular neighborhood of α ∪ ∂Σ, where α is a component of c ∩ Σ; such
a projection b always exists. Note that if c ∈ C(Σ), then b = c. Also note that if b0 is
another projection of c to C(Σ), then dC(Σ) (b, b0 ) ≤ 2 [23, Lemma 2.2].

2.3.4

Alexander systems

We end this subsection with introducing the notion of a stable Alexander system
(see [10, Section 2.3] for an introduction to Alexander systems). A subset A of C(S) is
a stable Alexander system if UA is the center of MCG(S) (in particular, with finitely
many exceptions, if S has empty boundary, then UA is the identity). All finite-type
surfaces have finite stable Alexander systems—examples are constructed in the proof
of [25, Theorem 5.6]. We note that if A is a stable Alexander system for S and
c ∈ C(S) r A, then dC(S) (A, c) > 1. Though not directly used in this article, the
existence of stable Alexander systems for infinite-type surfaces [13] is fundamental to a
number of the results mentioned so far.

2.4

Ordering ends and a partition of surfaces

In [22], Mann–Rafi introduce a binary relation on the space of ends of a surface that
will be crucial to our proofs. The content of this subsection is from [22, Section 4] and
we refer the reader there for further details. We will recall the key definitions here and
an important consequence.
A homeomorphism f ∈ Homeo+ (S) induces a homeomorphism in Homeo(E(S)), which
we denote bf . If f and g are homotopic, then bf = b
g ; hence, we get a homomorphism
MCG(S) → Homeo(E(S), Enp (S)), where the codomain is the group of homeomorphisms
of E(S) fixing Enp (S) setwise. In fact, this homomorphism is surjective. Moreover,
given a local homeomorphism ρ : U → V between two clopen subsets of E(S), ρ can
be extended to a global homeomorphism ρ̄ : E(S) → E(S) by requiring ρ̄|V = ρ−1 .
This allows us to freely move between discussing local and global homeomorphisms of
the end space of a surface and homeomorphisms of the underlying surface.
Let  denote the binary relation on E(S) given by y  x if, for every open neighborhood
U of x, there exists an open neighborhood V of y and f ∈ Homeo+ (S) such that
bf (V) ⊂ U. An end µ is maximal if, for any other end e, µ  e implies e  µ. The set
of maximal ends of S is denoted by M(S), or simply M. For every end e, there exists
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µ ∈ M such that e  µ. We say two ends, e1 and e2 , are comparable if e1  e2 or
e2  e1 .
A subsurface Σ of S is displaceable if there exists f ∈ Homeo+ (S) such that f (Σ)∩Σ =
∅. The space of ends of E(S) is self-similar if given a decomposition E(S) = E1 t· · ·tEn
into a finite disjoint union of clopen subsets, there exists i ∈ {1, . . . , n} such that Ei
contains an open homeomorpic copy of E(S). The space of ends of E(S) is doubly
pointed if it has exactly two maximal ends. Putting together various results from [22],
as described in [1, Theorem 6.1] and its proof, we have the following theorem:
Theorem 2.4 If S is an connected orientable 2-manifold in which every compact
subsurface is displaceable, then either
(1) M is a singleton,
(2) M contains exactly two points, or
(3) M is a Cantor space in which every maximal end is comparable.
Moreover, E(S) is doubly pointed in the second case and self-similar in the others.
We will use Theorem 2.4 to break the proof of Theorem 6.1 into three main cases. We
dedicate a section to each, and then prove the main theorem in Section 6.

2.5

Notational conventions

Before continuing, we introduce some general conventions in our notation. We will
regularly be working with three classes of topological spaces: surfaces, their end spaces,
and their mapping class groups. We generally use S to denote a surface and capital
Greek letters for subsets of that surface—generally, Σ and Ω. We will use capital script
Roman letters—generally, U, V, and W—for subsets of end spaces of surfaces. We
will use capital Roman letters—generally U, V , and W —for subsets of groups.
For the sake of simplifying notation, we will routinely abuse notation and conflate a
mapping class with a representative homeomorphism and, similarly, conflate an isotopy
class of a simple closed curve with a representative on the surface.

3

Compact non-displaceable subsurfaces

A subsurface Σ of a surface S is non-displaceable if f (Σ) ∩ Σ 6= ∅ for every
f ∈ Homeo+ (S). An important example to note is that every surface with positive, finite
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genus contains a compact non-displaceable subsurface, namely any compact subsurface
of the same genus. It is this fact, together with Theorem 3.1, that makes the hypothesis on
genus in Theorem 6.1 necessary. Similarly, other than the plane and the open annulus, a
planar 2-manifold with finitely many isolated ends contains a compact non-displaceable
surface, namely any compact subsurface such that each complementary component
of the subsurface is a neighborhood of at most one isolated end. In addition to these
examples, there are other sources of non-displaceable subsurfaces, see [22, Section 2].
Theorem 3.1 The mapping class group of a connected orientable 2-manifold containing
a proper compact non-displaceable subsurface does not have the Rokhlin property.
Proof Let S be an orientable surface and let Σ be a proper compact non-displaceable
subsurface of S. Note that under these hypotheses, S is neither the plane nor the sphere;
hence, if S is of finite type, then MCG(S) is discrete and nontrivial, in which case it
cannot have a dense conjugacy class. We can therefore assume that S is of infinite type.
By possibly enlarging Σ, we may assume that Σ is connected, that Σ admits a stable
Alexander system, and that ∂Σ has at least five components, each of which is essential
and separating. (In order to guarantee these properties, Σ may no longer be compact, but
it will still be of finite type. The requirement on the number of boundary components is
to guarantee that C(Σ) is connected.) Under these additional assumptions, the inclusion
Σ ,→ S induces a monomorphism MCG(Σ) → MCG(S). We will show that there exist
open sets U, V ⊂ MCG(S) such that U ∩ V g = ∅ for all g ∈ MCG(S); in particular,
MCG(S) does not have have the JEP, and hence, by Theorem 2.2, does not have the
Rokhlin property.
Let A ⊂ C(S) be a stable Alexander system for Σ. Let f be a homeomorphism on
the subsurface Σ such that dC(Σ) (c, f (c)) > 2 for all c ∈ C(Σ). Let U = UA and let
V = fUA . Let g be an arbitrary element of MCG(S) and let v be an arbitrary element
of V . We need to show that gvg−1 6∈ U . Note that v has a representative that maps Σ
to itself, so we can assume gvg−1 maps g(Σ) to itself.
By the non-displaceability of Σ and the hypothesis on A, there exists a ∈ A such that a
and g(Σ) have nontrivial geometric intersection; let b be a projection of a to C(g(Σ)).
Now g−1 (b) is an element of C(Σ), and since v ∈ V , we must have that in Σ,
dC(Σ) (g−1 (b), vg−1 (b)) = dC(Σ) (g−1 (b), fg−1 (b)) > 2.
Applying g, we see that in g(Σ), dg(Σ) (b, gvg−1 (b)) > 2. Now suppose that gvg−1 ∈ U ,
so that gvg−1 (a) = a. Then, it must be that gvg−1 (b) is a projection of a to g(Σ), in
which case dg(Σ) (b, gvg−1 (b)) ≤ 2; but, this is a contradiction, and therefore gvg−1 ∈
/ U.
Both v and g were arbitrary, so we conclude that U ∩ V g = ∅ for all g ∈ MCG(S).
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Remark 3.2 The mapping class groups of the closed disk and the once-punctured
disk are trivial, and hence have the Rokhlin property. Other than these two surfaces,
Theorem 3.1 also holds for connected orientable surfaces with at least one compact
boundary component: this follows from the observation that every surface with a
compact boundary component has a non-displaceable compact subsurface.

4

Self-similar end space

In this section we will prove:
Theorem 4.1 Let S be a connected orientable non-compact 2-manifold with selfsimilar end space and in which every compact subsurface is displaceable. The mapping
class group of S has the Rokhlin property if and only if the set of maximal ends is a
singleton.
By Theorem 2.4, there are two cases to consider in the proof of Theorem 4.1: (1) the set
of maximal ends is a singleton and (2) the set of maximal ends is a Cantor set. Moreover,
as already noted, every surface of positive finite genus has a compact non-displaceable
subsurface, so we may assume that all surfaces in this section have either zero or infinite
genus. Below, we break the two cases into two subsections, Section 4.1 and Section 4.3,
respectively, showing that in the first case mapping class groups have the JEP and that
they do not in the second. In Section 4.2, we give an explicit example of a mapping class
whose conjugacy class is dense. We finish with the proof of Theorem 4.1 in Section 4.4.

4.1

Unique maximal end

For the entirety of the subsection, S will denote a connected orientable 2-manifold
satisfying: (1) S is either planar or infinite genus and (2) the end space E of S is
self-similar with a unique maximal end, call it µ. Later, in Lemma 6.2, we will show
that the self-similarity of E is implied by the other hypotheses on S, and also that every
compact subsurface of S is displaceable.
Given a separating simple closed curve c in S, let Ωc denote the component of S r c
b c and let Σc = S r Ωc . Let G denote the subgroup of MCG(S)
such that µ ∈ Ω
consisting of elements with a representative that restricts to the identity on Ωc for some
separating curve c. Observe that the set
b c : c a separating simple closed curve}
{Ω
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is a neighborhood basis for µ and therefore G is a subgroup. If S is the Loch Ness
monster surface, then G consists of the mapping classes which have a representative that
is the identity outside of a compact set: in this case, it was shown in [26, Theorem 4]
that G is dense in the mapping class group. This example is the motivation for the
following proposition.
Proposition 4.2 Let S and G be as above.
(1) The subgroup G is dense in MCG(S).
(2) Given any separating simple closed curve c in S, there exists h ∈ Homeo+ (S)
such that h(Σc ) ⊂ Ωc .
Proof If S is homeomorphic to the plane, then the statement is trivial. We will now
assume that S is not homeomorphic to the plane, in which case S is of infinite type.
Let A be a finite subset of C(S) and let f ∈ MCG(S). We must show that there exists
g ∈ G ∩ fUA .
Let c be a separating simple closed curve such that each curve in A has a representative
contained in Σc . Now choose a separating simple closed curve b such that Σc ∪ f (Σc ) is
b b contains an open subset homeomorphic
contained in Σb . By the self-similarity of E, Ω
to E, and so the classification of surfaces, together with the assumption on the genus of
S, guarantees the existence of a separating simple closed curve c0 in Ωb so that Σc0 is
homeomorphic to and disjoint from Σc . It is therefore possible to choose a separating
simple closed curve b0 co-bounding a pair of pants2 with c and c0 . We can now apply
the classification of surfaces to find g1 ∈ Homeo(Σb0 ) such that g1 (Σc ) = Σc0 . Note
that this establishes (2) and that g1 ∈ G.
Now, since Σc0 is disjoint from f (Σc ) = Σf (c) , we can use a similar argument to find
g2 ∈ G such that (g2 ◦ g1 )(Σc ) = f (Σc ). As f −1 ◦ g2 ◦ g1 fixes Σc setwise, we can write
f −1 · g2 · g1 = ϕ · g3 ,
where g3 ∈ MCG(Σc ) and ϕ ∈ MCG(S) has a representative that restricts to the
identity on Σc . Since ϕ ∈ UA , we know
f −1 · (g2 · g1 · g−1
3 ) ∈ UA ,
and, since g1 , g2 , g3 ∈ G, we conclude that
g = g2 · g1 · g−1
3 ∈ G ∩ fUA
as desired.
2

A pair of pants is a surface homeomorphic to the 2-sphere with three pairwise-disjoint open
disks removed.
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Lemma 4.3 Let S be as above. Then, MCG(S) has the JEP.
Proof Given open subsets U1 and U2 of MCG(S) we need to find g ∈ MCG(S) such
that U1 ∩ U2g 6= ∅. Without loss of generality, we may assume that U1 and U2 are
basis elements of MCG(S), that is, there exists finite subsets A1 and A2 of C(S) and
h1 , h2 ∈ MCG(S) such that Ui = hi UAi for i ∈ {1, 2}. Note that if h ∈ fUA , then
fUA = hUA ; hence, by Proposition 4.2, we can assume that both h1 and h2 are in G.
We can choose a separating simple closed curve b so that h1 and h2 have representatives
that restrict to the identity on Ωb and such that each curve in A1 ∪ A2 has a representative
in Σb . Then, by Proposotion 4.2(2), there exists g ∈ MCG(S) such that g(Σb ) ⊂ Ωb .
Note that U2g = (h2 UA2 )g = (gh2 g−1 )Ug(A2 ) . The element h1 has a representative that
restricts to the identity on Ωb ; the element gh2 g−1 has a representative that restricts to
the identity on Ωg(b) and hence on Σb . Therefore, h1 and gh2 g−1 commute, h1 ∈ Ug(A2 ) ,
and gh2 g−1 ∈ UA1 .
Let h = h1 (gh2 g−1 ). Then, for every a ∈ A1 , since gh2 g−1 ∈ UA1 ,
h(a) = h1 · (gh2 g−1 )(a) = h1 (a),
which implies h ∈ U1 . Similarly, for every a ∈ g(A2 ),
h(a) = h1 · (gh2 g−1 )(a) = (gh2 g−1 ) · h1 (a) = gh2 g−1 (a),
since h1 ∈ Ug(A2 ) , which implies h ∈ U2g . We have shown that h ∈ U1 ∩ U2g ; in
particular, U1 ∩ U2g 6= ∅ and thus MCG(S) has the JEP.

4.2

Explicit examples of dense conjugacy classes

In this subsection, we construct a explicit mapping classes whose conjugacy class is
dense. Let L denote the Loch Ness monster surface and let G be as in Section 4.1. Then
in this case, as already noted, G consists of mapping classes that have a representative
homeomorphism that restricts to the identity outside of a compact set.
Let Rg denote the connected orientable compact surface of genus g with a single
boundary component. Let
G = {(Rg , ϕ) : g ∈ N, ϕ ∈ MCG(Rg )}.
The set G is countable, so let us choose an enumeration G = {(Rn , ϕn )}n∈N . Let
Σ denote the surface obtained from R2 by removing the open disk centered at (i, j)
of radius 14 for each (i, j) ∈ Z2 . Let {∂n }n∈N be an enumeration of the boundary
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components of Σ. We can now construct L by taking the topological disjoint union
F
Σ t n∈N Rn and forming the quotient space obtained by identifying the boundary of
Rn with ∂n via an orientation-reversing homeomorphism. This is depicted in Figure 3.
The embedding Rn ,→ L yields a monomorphism MCG(Rn ) → MCG(L). Therefore,
for each n ∈ N, we can view ϕn ∈ MCG(L) and define
Y
Φ=
ϕn .
n∈N

Proposition 4.4 The conjugacy class of Φ is dense in MCG(L).
Proof Let A be a finite subset of C(S) and let f ∈ MCG(L). We need to show that
there is a conjugate of Φ in fUA . By the density of G, there exists h ∈ G such that
h ∈ fUA , and hence fUA = hUA . By the definition of G, there exists a compact surface
Ω of L such that h has a representative restricting to the identity outside of Ω. Leting
A0 be a stable Alexander system for Ω, we have that hUA0 ⊂ fUA .
By the classification of surfaces, for every g ∈ N and any two embeddings ι1 and ι2
of Rg into L, there exists a homeomorphism σ : L → L such that ι2 = σ ◦ ι1 . In
particular, there exists a conjugate of Φ that agrees with h when restricted to Σ, and
hence a conjugate of Φ is contained in hUA0 ⊂ fUA .
This argument can easily be adapted to the case of the flute surface since the corresponding
subgroup G from Proposition 4.2 is also countable. More generally, since mapping
class groups are second countable, the group G from Proposition 4.2 must contain a
countable dense subgroup. Using this countable dense subgroup, the construction given
above can be adapted to give an explicit construction of a dense conjugacy class for the
mapping class groups of surfaces treated in Section 4.1.
Remark 4.5 Note that Φ is not the only conjugacy class that is dense in MCG(L). For
instance, we can modify the construction as follows to obtain a distinct dense conjugacy
class: when enumerating the boundary components of Σ, leave out the components
centered at (i, 0) for each i ∈ Z. We then attach a copy of R1 to each of these remaining
boundary components and introduce a handle shift h sending the boundary component
of Σ with center (i, 0) to the component centered at (i + 1, 0) for all i ∈ Z. (See the
survey [3] for an introduction to handle shifts.) This handle shift h will commute with
Φ, and we define the product Φ0 = hΦ. Then, Φ0 has a dense conjugacy class for the
same reason Φ does. We can see that these two elements are not conjugate because for
Φ0 there exists a simple closed curve c such that for every compact set K of L there
exists n ∈ N satisfying (Φ0 )n (c) ∩ K = ∅, which is not the case for Φ. If a comeager
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Figure 3: A realization of the Loch Ness monster surface L produced by identifying Σ and the
countably many compact surfaces Rn along pairs of boundary components.

conjugacy class exists in Polish group, then it is unique, and so the conjugacy classes of
Φ and Φ0 cannot both be comeager. In fact, we will see in Section 7 that there is no
comeager conjugacy class.

4.3

Cantor space of maximal points

For the entirety of this subsection, S will denote a connected orientable surface satisfying:
(1) every compact subsurface of S is displaceable (and hence S is either planar or
infinite genus), and (2) the end space E of S is self-similar and its set of maximal ends
M is a Cantor space. Note that, under these assumptions, Theorem 2.4 implies any two
maximal ends of S are comparable.
To prepare for the proof of Lemma 4.8, we first need to prove a lemma regarding the
structure of the end spaces of the surfaces being considered.
Proposition 4.6 For any positive integer m, if M is a discrete space with m points,
then E × M is homeomorphic to E.
The main ingredient in the proof will be [22, Lemma 4.18]. We state a version adapted
to our particular scenario, which uses [22, Remark 4.15]:
Lemma 4.7 (Mann–Rafi) Let µ ∈ M. For every y ∈ E, there exists an open
neighborhood U of y such that, for every open neighborhood U0 of y contained in U,
the space E t U0 is homeomorphic to E.
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Proof of Proposition 4.6 It is enough to show the statement holds for m = 2. By
the assumptions on E, there exists disjoint open subsets V1 and V2 of E each of
which is homeomorphic to E. If E = V1 ∪ V2 , then we are done; otherwise, let
V3 = E r (V1 ∪ V2 ) and, for each y ∈ V3 , let Uy be the open neighborhood given
by Lemma 4.7; by possibly shrinking Uy and intersecting with V3 , we may assume
that Uy is clopen and Uy ⊂ V3 . Since V3 is compact, there exists y1 , . . . , ym such that
V3 = Uy1 ∪ · · · ∪ Uym . Now, let U01 = Uy1 , U02 = Uy2 r U01 , U03 = Uy3 r (U01 ∪ U02 ), etc.
F
0
0
Then, each U0i is open, V3 = m
i=1 Ui , and, for each i, V1 ∪ Ui is homeomorphic to E.
Therefore, V4 = V1 ∪ V3 is homeomorphic to E. Now, V2 and V4 are both open and
homeomorphic to E, they are disjoint, and their union is E; hence, E ∼
= E × {1, 2}.
Lemma 4.8 Let S be as above. Then, MCG(S) does not have the JEP.
Proof Using Proposition 4.6, we can choose a compact surface Σ ⊂ S satisfying:
(1) Σ is a planar surface,
(2) Σ has five boundary components, labelled b1 , b2 , b3 , b4 and b5 ,
(3) each component of ∂Σ is separating, and
(4) each of the five corresponding components Ω1 , Ω2 , Ω3 , Ω4 , Ω5 of S r Σ satisfies
b i is homeomorphic to E.
Ω
The conditions on Σ guarantee that the inclusion Σ ,→ S induces a monomorphism
MCG(Σ) → MCG(S). Let f ∈ MCG(Σ) be a homeomorphism such that f (bi ) = bi+1 ,
where the indices are read modulo 5, and such that dC(Σ) (f (c), c) > 2 for all c ∈ C(Σ).
The existence of f is guaranteed by the results and discussion in [10, Section 14.1.5]
and [24, Proposition 4.6].
Choose a finite stable Alexander system A for Σ, let U1 = fUA and let U2 = U{b1 } .
Note that every element of U1 acts on C(Σ) and this action agrees with that of f . We
claim that U1 ∩ U2g = ∅ for all g ∈ MCG(S). Let g ∈ MCG(S), then we consider two
cases: either g(b1 ) has a representative disjoint from Σ or not. First assume that g(b1 )
has a representative disjoint from Σ, inclusive of the possibility that g(b1 ) is isotopic to
a component of ∂Σ. In this case, up to isotopy, there exists a component Ωi of S r Σ
containing g(b1 ). But, if ϕ ∈ U2g , then ϕ(g(b1 )) = g(b1 ), and hence ϕ(Ωi ) ∩ Ωi 6= ∅.
Therefore, ψ(Ωi ) ∩ Ωi = ∅ for every ψ ∈ U1 , and hence U1 ∩ U2g = ∅.
Now assume instead that g(b1 ) has nontrivial geometric intersection with Σ. Let
c ∈ C(Σ) be a projection of g(b1 ) to Σ. Any ψ ∈ U1 acts on C(Σ), and by the
definitions of f and U1 we have that dC(Σ) (ψ(c), c) > 2. However, for every ϕ ∈ U2g
we have ϕ(g(b1 )) = g(b1 ); this implies ϕ(c) is also a projection of g(b1 ) to Σ and
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dC(Σ) (ϕ(c), c) ≤ 2. Therefore we again have U1 ∩ U2g = ∅, and so conclude that
MCG(S) fails to have the JEP.

4.4

Proof of Theorem 4.1

Proof of Theorem 4.1 By Theorem 2.4, under the assumptions on S, the set of
maximal ends of S is either a singleton or a Cantor space. Moreover, as already noted,
every surface of positive finite genus has a compact non-displaceable subsurface, so S
either zero or infinite genus. By the equivalence of the JEP and the Rokhlin property
in Polish groups (Theorem 2.2) and the fact that mapping class groups are Polish, the
theorem readily follows from Lemma 4.3 and Lemma 4.8.

5

Doubly pointed end space

In this section, we present the final case to Theorem 6.1:
Theorem 5.1 The mapping class group of a connected orientable 2-manifold with
doubly pointed end space does not have the Rokhlin property.
By Theorem 3.1, we already know that if a 2-manifold contains a compact nondisplaceable subsurface, then it cannot have the Rokhlin property; therefore, we focus
on the case in which all compact subsurfaces are displaceable. Under this assumption,
we will show that the maximal ends of a surface with doubly pointed end spaces can
be permuted by a homeomorphism of the surface. This implies that the stabilizer of a
maximal end is a proper open normal subgroup, and hence the group cannot have the
Rokhlin property. This argument will unfold in the sequence of lemmas that follow.
Lemma 5.2 Let S be a connected orientable surface. If there exists a compact
subsurface Σ of S and a finite-index subgroup H of Homeo+ (S) such that h(Σ)∩Σ 6= ∅
for every h ∈ H , then S contains a non-displaceable subsurface.
Proof Let n denote the index of H in Homeo+ (S) and fix f1 , . . . , fn in Homeo+ (S)
such that
n
[
+
Homeo (S) = (fj · H)
j=1
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and define
Σ0 =

n
[

fj (Σ).

i=1

If g ∈ Homeo+ (S), then we can write g = fk h for some k ∈ {1, . . . , n} and h ∈ H .
Since h(Σ) ∩ Σ 6= ∅, it follows that (fk ◦ h)(Σ0 ) ∩ Σ0 6= ∅. Therefore, any compact
subsurface containing Σ0 is non-displaceable.
Figure 4 illustrates the proof of Lemma 5.3 in the case where S is a surface with
exactly two maximal ends, each accumulated by isolated planar ends as well as isolated
non-planar ends.
Lemma 5.3 Let S be a connected orientable 2-manifold with doubly pointed end space
E such that every compact subset of S is displaceable. Let µ be a maximal end of S. If
W is a clopen neighborhood of µ in E and U is a clopen subset of E disjoint from the
set of maximal ends, then there exists a clopen subset V of E such that V ⊂ W and V
is homeomorphic to U.
Proof If U is empty, which is necessarily the case if S is a once-punctured plane,
then the statement is trivially true. We now assume that U is not empty. By possibly
shrinking W, we may assume that W ∩ U = ∅. Let H denote the stabilizer of µ in
Homeo+ (S) (and hence H is of index at most 2). Let a and b be disjoint separating
simple closed curves such that there are components Ωa and Ωb of S r a and S r b,
b a = W, Ω
b b = U, and Ωa ∩ Ωb = ∅. Now, let Σ be a pair of
respectively, such that Ω
pants with a and b as two of its boundary components; let c denote the third component
and let Ωc = S r (Ωa ∪ Ωb ∪ Σ). Since Σ is compact and every compact subset is
displaceable, by Lemma 5.2, there exists f ∈ H such that f (Σ) ∩ Σ = ∅. Note that b
does not separate the maximal ends of S and that c does. Therefore, if f (Σ) ⊂ Ωa , then
we set V = bf (U), and V is necessarily contained in W. Otherwise, f (Σ) ⊂ Ωc and,
since bf (µ) = µ, it follows that U ⊂ bf (W): we define V = f −1 (U). In either case, V is
the desired set.

Lemma 5.4 Let S be a connected orientable 2-manifold with doubly pointed end
space E and such that every compact subsurface is displaceable. If V and W are clopen
subsets of E each of which contains a single maximal end of E, then V and W are
homeomorphic. In particular, there exists a homeomorphism of S permuting the two
maximal ends.
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...

c

V
µ
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U

Figure 4: The 2-manifold S (top). The end space E of S (bottom).

Proof If either V or W is a singleton, which is necessarily the case if S is a oncepunctured plane, then the statement is trivially true. We now assume that neither set is a
singleton. We apply a standard back-and-forth argument. Let µ1 denote the maximal
end contained in V and µ2 the maximal end contained in W. Choose sequences
{Vn }n∈N and {Wn }n∈N of clopen neighborhoods in E of µ1 and µ2 , respectively, such
that
(1) V1 = V and W1 = W,
(2) Vn+1 ⊂ Vn and Wn+1 ⊂ Wn , and
T
T
(3)
n∈N Vn = {µ1 } and
n∈N Wn = {µ2 }.
By Lemma 5.3, there exists a homeomorphism f1 from V1 r V2 into W1 r {µ2 } (we
know the image misses µ2 since V1 r V2 does not contain a maximal end). Again
by Lemma 5.3, there exists a homeomorphism g1 from (W1 r W2 ) r image(f1 ) into
V2 r {µ1 }. Let V01 = (V1 r V2 ) ∪ image(g1 ) and W01 = (W1 r W2 ) ∪ image(f1 ), then
0
0
h1 = f1 t g−1
1 : V1 → W1

is a homeomorphism.
Recursively, let fn be a homeomorphism from (Vn r Vn+1 ) r (V01 ∪ · · · ∪ V0n−1 ) into
Wn r (W01 ∪ · · · ∪ W0n−1 ) and then choose a homeomorphism gn of (Wn r Wn+1 ) r
(W01 ∪ · · · ∪ W0n−1 ∪ image(fn )) into Vn+1 r (V01 ∪ · · · ∪ V0n−1 ) (the maps fn and gn
exist by Lemma 5.3). Let
V0n = ((Vn r Vn+1 ) r (V01 ∪ · · · ∪ V0n−1 )) ∪ image(gn )
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and
W0n = ((Wn r Wn+1 ) r (W01 ∪ · · · ∪ W0n−1 )) ∪ image(fn ).
0
0
Then, hn = fn t g−1
a homeomorphism. Now observe that V r
n : Vn → Wn is
F
F
0
{µ1 } = n∈N Vn and W r {µ2 } = n∈N W0n . This allows us to define the desired
homeomorphism h : V → W by h|V0n = hn and h(µ1 ) = µ2 .

Proof of Theorem 5.1 Let S be a connected orientable 2-manifold with doubly pointed
end space. If S has a non-displaceable compact subsurface, then MCG(S) does not
have the Rokhlin property by Theorem 3.1. Otherwise, by Lemma 5.4, the stabilizer of
a maximal end is a proper normal subgroup of MCG(S); moreover, it is not difficult
to see that this subgroup is open, and so, again, MCG(S) does not have the Rokhlin
property.

6

Classifying mapping class groups with the Rokhlin
property: the proof of Theorem 6.1

The goal of this section is to prove our main theorem:
Theorem 6.1 The mapping class group of a connected orientable 2-manifold has the
Rokhlin property if and only if the manifold is either a 2-sphere or a non-compact
manifold with a unique maximal end and whose genus is either zero or infinite.
The casework of the previous three sections was based on Theorem 2.4, which gives a
partition of connected orientable 2-manifolds. We therefore introduce a lemma showing
that the 2-manifolds satisfying the second conditional of Theorem 6.1 in fact satisfy the
hypotheses of Theorem 2.4, namely that every compact subsurface is displaceable.
Lemma 6.2 Let S be a connected non-compact orientable 2-manifold with a unique
maximal end and whose genus is either zero or infinite. Then, every compact subsurface
of S is displaceable and the end space of S is self-similar.
Proof If S is the plane, then this is readily accomplished with a homothety. So, we
may assume that S is of infinite type. Let Σ be a compact subsurface of S. By possibly
enlarging Σ, we may assume that each component of ∂Σ is separating and the closure
of each component of S r Σ is non-compact.
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b 0 is a
Let Ω0 , Ω1 , . . . , Ωn denote the components of S r Σ, labelled such that Ω
neighborhood of µ, the unique maximal end of S. By the maximality of µ, for each
b 1 such that Ω
b0
b 1 , there exists a clopen neighborhood Ve of e contained in Ω
e∈Ω
contains an open subset homeomorphic to Ve ; moreover, this subset must not contain
µ, since otherwise Ve would have to contain a maximal end, and hence µ, which is
b 1 is compact, so there exists e1 , . . . , ek such that Ω
b 1 = Sk Ve .
impossible. Now, Ω
k
j=1
Replace Ve2 with Ve2 r Ve1 , Ve3 with Ve3 r (Ve1 ∪ Ve2 ), etc, so that we may assume
b 0 . Now, we
that the Vek are pairwise disjoint. Let V1 be the open copy of Ve1 in Ω
b 0 replaced with Ω
b 0 r V1 to
can rerun the argument with Ve1 replaced by Ve2 and Ω
b
obtain an open copy of Ve2 , call it V2 , in Ω0 disjoint from V1 . Repeating this process,
b 0 such that W1 = Sk V1 is an
we obtain pairwise-disjoint open sets V1 , . . . , Vk in Ω
j=1
b
b
open subset of Ω0 homeomorphic to Ω1 .
b 1 replaced by Ω
b 2 and Ω
b0
Again, repeating the entirety of the above process with Ω
b
b
b
replaced by Ω0 r W1 , we obtain an open subset W2 of Ω0 homeomorphic to Ω2 and
disjoint from W2 . Continuing in this fashion, we obtain pairwise-disjoint open subsets
b 0 such that Wj is homeomorphic to Ω
b j for each j ∈ {1, . . . , n}.
W1 , . . . , Wn of Ω
We can now choose pairwise-disjoint separating simple closed curves c1 , . . . , cn
contained in Ω0 such that there is a component of S r cj inducing the set Wj in the end
space of S. To finish, choose a simple closed curve c0 in Ω0 co-bounding a surface
Σ0 with c1 , . . . , cn whose genus is the same as the genus of Σ. By the classification
of surfaces, there exists a homeomorphism S → S mapping Σ to Σ0 , and hence Σ is
displaceable since Σ ∩ Σ0 = ∅ by construction. The self-similarity of the end space of
S follows from Theorem 2.4.
Proof of Theorem 6.1 First, we note that the mapping class group of the 2-sphere
is trivial and hence trivially has a dense conjugacy class. Now, let S be a connected
orientable 2-manifold that is non-compact, has a unique maximal end, and whose
genus is either zero or infinite. Then, by Lemma 6.2 every compact subsurface of S is
displaceable and the end space of S is self-similar. Therefore, by Theorem 4.1, MCG(S)
has the Rokhlin property.
For the converse, by Theorem 2.4, every connected orientable 2-manifold satisfies the
hypotheses of at least one of Theorem 3.1, Theorem 4.1, or Theorem 5.1. In which case,
we see that if the mapping class group of such a 2-manifold has the Rokhlin property,
then the 2-manifold must either be a 2-sphere or a non-compact manifold whose space
has a unique maximal point and in which every compact subsurface is displaceable.
The last condition forces the surface to have either zero or infinite genus, as desired.
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No generic mapping classes

Before stating the main theorem in this subsection, we need to recall some basic
topological definitions. A subset A of a topological space is nowhere dense if the
interior of its closure is empty; it is meager if it is the countable union of nowhere dense
subsets; it is comeager if its complement is meager; and, it has the Baire property if
there exists an open subset U such that the symmetric difference A4U is meager.
Following Truss [32], we say an element f of a Polish group G is generic if its conjugacy
class is comeager. Our final result shows that no nontrivial mapping class group has a
generic element.
Theorem 7.1 The mapping class group of an orientable 2-manifold has a comeager
conjugacy class if and only if the mapping class group is trivial.
Before proving Theorem 7.1, we need some more preliminaries, both from surface
topology and from the theory of Polish groups. We start with the latter. The statement
and argument of the following proposition is a modified version of the one given by
Tent–Ziegler in their online notes [31] on an article of Kechris–Rosendal [16]. In what
follows, f G will denote the conjugacy class of an element f in a group G. We say that
a set A is comeager on an open set U if A ∩ U is comeager in U .
Proposition 7.2 Let G be a Polish group, let f ∈ G have a non-meager conjugacy
class, and let U ⊂ G be any open neighborhood of f . If H is a subgroup of the
stabilizer of U such that H is Gδ and has countable index in G, then there exists a open
neighborhood V of f contained in U such that f H is comeager on V .
Proof Since H is countable index in G, f G is a countable union of translates of f H
under the conjugation action of G. Therefore, if f H were meager, then f G would be a
countable union of meager sets and hence meager itself. But, this would contradict f G
being non-meager. Therefore, f H is non-meager.
It is a standard fact that Gδ subsets of Polish spaces are Polish (see [15, Theorem 3.11]),
and hence H is Polish. Moreover, f H is the image of H under the continuous map
H → G given by h 7→ hfh−1 , and hence, by a classical result of Lusin–Sierpiński
(see [15, Theorem 21.6]), f H has the Baire property.
This guarantees the existence of an open subset W of G such that f H 4W is meager.
Without loss of generality, we may assume f ∈ W : for if not, then since W r f H is
meager and W is non-empty, f H ∩ W is non-empty. Let h−1 fh ∈ f H ∩ W for some
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h ∈ H , then f ∈ (f H ∩ W)h = f H ∩ W h . It follows that (f H 4W)h = f H 4W h is meager,
and so we can replace W with W h . Note that f H is comeager on every open subset of
W ; hence, we simply let V be any open neighborhood of f contained in U ∩ W .
Now, we must discuss surface topology. Let Σ denote a surface with non-empty
boundary. A proper arc in Σ is the image of a continuous mapping α : [0, 1] → Σ such
that α(0), α(1) ∈ ∂Σ, and α|(0,1) is a proper map from (0, 1) to Σ r ∂Σ. A proper
simple arc α is essential if no component of Σ r (α ∪ ∂Σ) is homeomorphic to a disk.
We let AC(Σ) denote the set of isotopy classes3 of arcs on Σ together with the isotopy
classes of essential simple closed curves on Σ. As with C(Σ), we say two elements of
AC(Σ) are adjacent if they have disjoint representatives, and we let dAC(Σ) denote the
associated graph metric. Now, let Σ be a subsurface of a 2-manifold S, then for any
c ∈ C(S) that has nontrivial geometric intersection with ∂Σ, each component of c ∩ Σ
yields an element of AC(Σ) (assuming c and ∂Σ are in minimal position); moreover,
the set of all such components has diameter two just in AC(Σ). Standard properties of
the embedding of C(Σ) into AC(Σ) allow us to use results from [24]; in particular, if
Σ is finite type and C(Σ) is connected, then for any D > 0 there exists g ∈ MCG(Σ)
such that dAC(Σ) (c, g(c)) > D for all c ∈ AC(Σ). For a reference, see [30, Section 3].
Figure 4 gives a schematic for the curves and subsurfaces used in the proof of
Theorem 7.1.
Proof of Theorem 7.1 Let S be a non-simply connected orientable 2-manifold. Assume that MCG(S) has an element f with a comeager conjugacy class. In a Polish
space, comeager sets are dense, and hence the conjugacy class of f is dense. Therefore,
by Theorem 6.1, S has zero or infinite genus with an end space with a unique maximal
end; moreover, by Lemma 6.2, the end space of S is self-similar. Let γ ∈ C(S) be
separating and let U = U{γ} . Then, by the density of the conjugacy class of f , there
exists a conjugate of f in U : by replacing f with this conjugate, we may assume without
loss of generality that f ∈ U .
Let H denote the stabilizer of γ , and hence of U , in MCG(S), and note that H is
closed (and hence Gδ ) and countable index in MCG(S) (in fact, H = U ). Let V be the
neighborhood of f contained in U guaranteed by Propsoition 7.2; in particular, f H ∩ V
is comeager, and hence dense, in V . By Proposition 4.2, there exists a separating simple
closed curve b1 and a mapping class ψ ∈ V such that ψ has a representative that
restricts to the identity on the complementary component of b1 that is a neighborhood
3

This definition is slightly non-standard in the sense that it is generally required that the
isotopies are taken relative to ∂Σ; however, this point will not affect our usage.
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f (Σ2 )

f (Σ3 )

Figure 5: The curves and subsurfaces used in the proof of Theorem 7.1 (top). The three scenarios
arising in the definition of the elements gj ∈ MCG(Σj ) for j ∈ {2, . . . , n} (bottom).

of the unique maximal end. For convenience, we may choose b1 to be homotopically
distinct from γ .
Now, choose a connected finite-type subsurface Σ0 with stable Alexander system A0
satisfying
• Σ0 is a closed subset of S,
• fUA0 ⊂ V ,
• γ and b1 are components of ∂Σ0 ,
• each component of ∂Σ0 is separating,
• each complementary component of Σ0 is of infinite type.

Note that S has negative Euler characteristic and hence every subsurface that has at least
two essential non-homotopic boundary components also has negative Euler characteristic,
such as Σ0 . Let γ, b1 , b2 , . . . , bn be a labelling of the boundary components of ∂Σ0 .
Let Σ1 be a connected finite-type surface of S satisfying
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• ∂Σ1 has two boundary components, b1 and another curve we label b01 ,
• Σ1 ∩ Σ0 = b1 ,

b 1 contains at least three ends, and
• Σ1 either has positive genus or Σ
• the Euler characteristic of Σ1 is strictly less than that of Σ0 .

For each j ∈ {2, . . . , n}, choose a connected compact subsurface Σj whose intersection
with Σ0 is bj and such that Σj is homeomorphic to the 2-sphere with five pairwiseS
disjoint open disks removed. Let Σ = nj=0 Σj and let A be a stable Alexander system
for Σ, and note that fUA ⊂ fUA0 ⊂ V .
Let A1 be a stable Alexander system for Σ1 . Then, ψ ∈ UA1 and hence V ∩ UA1
is nonempty. In particular, there must exist an H -conjugate of f contained in this
intersection, and hence, without loss of generality, we may assume that f ∈ UA1 .
It will be helpful to fix a representative of f , which we simply denote by f , satisfying
the following: if f fixes the homotopy class of a boundary component of some Σj
(such as b1 ), then it fixes the component pointwise, and if a component of ∂Σi and a
component of ∂f (Σj ) have nontrivial geometric intersection, then the two curves are in
minimal position.
We let W1 = fUA . We now build an open subset W2 = gfUA of V by constructing a
mapping class g. We will go on to show that every H -conjugate of W2 is disjoint from
W1 , which will contradict the assumption that the conjugacy class of f is comeager. By
construction, the embedding of f (Σj ) into S induces a monomorphism of MCG(f (Σj ))
into MCG(S); in what follows, we will identify MCG(f (Σj )) with its image in MCG(S)
under this monomorphism. Let
X
K=
i(bi , f (bj )).
2≤i,j≤n

Choose g1 ∈ MCG(Σ1 ) such that dC(Σ1 ) (c, g1 (c)) > 2K + 9 for every c ∈ C(Σ1 ).
Next, we need to carefully choose gj ∈ MCG(Σj ) for j ∈ {2, . . . , n}: there are three
scenarios.
(i) If f (Σj ) and Σj are homotopic, then we may write f = fj0 ◦ f 0 , where fj0 has a
representative that restricts to the identity on the complement of bj containing Σ0 and
f 0 has a representative that restricts to the identity on the complement of bj containing
Σj . In this case, we choose g0j ∈ MCG(Σj ) such that dAC(Σj ) (g0j (c), c) > 1 for all
c ∈ AC(Σj ), and let gj = g0j ◦ (fj0 )−1 .
(ii) If f (Σj ) and Σj have nontrivial geometric intersection, but are not homotopic, then
let Aj denote all the simple arcs in the intersection of Σj and f (Σj ) with endpoints
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on ∂Σj ∩ ∂f (Σj ). Let β be a component of the intersection of ∂Σj with f (Σj ), then
β ∈ AC(f (Σj )) and dAC(f (Σj )) (β, α) = 1 for all α ∈ Aj ; hence, the diameter of Aj in
AC(f (Σj )) and the diameter of f (Aj ) in AC(f (Σj )) are both equal to two. Therefore,
the diameter dj of Aj ∪ f (Aj ) is finite in AC(f (Σj )). Let gj ∈ MCG(f (Σj )) such that
dAC(f (Σj )) (c, gj (c)) > dj for all c ∈ AC(f (Σj )).
(iii) If f (Σj ) does not fit into the above two cases, then simply let gj be the identity (this
case will not play a role in the proof).
Set
g=

n
Y

gj

j=1

and we have W2 = gfUA . Observe that W1 , W2 ⊂ V . Therefore, by the assumption that
the conjugacy class of f is comeager, there exists an H -conjugate of f in W2 , which
allows us to conclude that there exists h ∈ H such that W1 ∩ W2h =
6 ∅. The goal is
to show that such an h cannot not exist: suppose to the contrary that h exists and let
ϕ ∈ W1 ∩ W2h . The remainder of the proof splits into three cases.
Case 1: h(Σ1 ) and Σ1 have nontrivial geometric intersection. First note that it cannot
be that h(Σ1 ) is homotopic to Σ1 , since then ϕ(a) = a and ϕ(a) = g1 (a) for each
a ∈ A1 , which is of course impossible. Therefore, there exists a curve a ∈ C(Σ1 ) with
a nontrivial projection b to C(h(Σ1 )). Then, dC(Σ1 ) (g1 h−1 (b), h−1 (b)) > 2, and so
dC(h(Σ1 )) (ϕ(b), b) = dC(h(Σ1 )) (hg1 h−1 (b), b) > 2.
But since ϕ(a) = f (a) = a, it must be that ϕ(b) is a projection of a to h(Σ1 ), and hence
dC(h(Σ1 )) (ϕ(b), b) ≤ 2, contradicting the above inequality.
Case 2: h(Σ1 ) and Σ1 have trivial geometric intersection, but h(Σ1 ) and Σ0 have
nontrivial geometric intersection. First observe that the restriction on the Euler
characteristic on Σ1 guarantees that h(Σ1 ) is not contained in Σ0 . This guarantees that
there exists j ∈ {2, . . . , n} such that either i(bj , h(b1 )) 6= 0 or i(bj , h(b01 )) 6= 0; assume
the former is true (the argument is the same for the other case). It follows that bj has a
nontrivial projection b to C(h(Σ1 )).

dC(h(Σ1 )) (ϕ(b), b) = dC(h(Σ1 )) (hgfh−1 (b), b)
= dC(Σ1 ) (gfh−1 (b), h−1 (b))
= dC(Σ1 ) (g1 (h−1 (b)), h−1 (b))
> 2K + 9.
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However, ϕ(bj ) = f (bj ), ϕ(h(b1 )) = h(b1 ), and ϕ(h(b01 )) = h(b01 ); hence, ϕ(b) must be
a projection of f (bj ) to h(Σ1 ). Since i(bj , f (bj )) ≤ K , we have that i(ϕ(b), b) ≤ K + 4
and hence
dC(h(Σ1 )) (ϕ(b), b) ≤ 2(K + 4) + 1 = 2K + 9,
where the inequality comes from a standard argument in surface topology, see [24,
Lemma 2.1]. Hence, we have arrived at a contradiction.
Case 3: h(Σ1 ) has trivial geometric intersection with both Σ0 and Σ1 . Since Σ1
and all its H -conjugates separate γ from the maximal end of S, we must have that
Σ1 and γ are on the same side of h(Σ1 ). And since γ is a boundary component of
6 ∅. Again, the restriction on the
both Σ0 and h(Σ0 ), we must have that h(Σ0 ) ∩ Σ1 =
Euler characteristic of Σ1 guarantees that Σ1 is not contained in h(Σ0 ). In particular,
there exists j ∈ {2, . . . , n} such that i(h(bj ), b1 ) 6= 0. Let α denote a component
of b1 ∩ h(Σj ), so that α ⊂ Σ ∩ h(Σ); hence ϕ(α) = α and ϕ(α) = hgfh−1 (α). In
particular, recalling the definition of g, we have
hgj fh−1 (α) = hgfh−1 (α)
= ϕ(α)
= α,
and so gj fh−1 (α) = h−1 (α).
On the other hand, observe that hgfh−1 (h(Σj )) = h(f (Σj )) since by construction g
maps f (Σj ) onto itself; hence, α is also contained in h(f (Σj )). In particular, Σj ∩ f (Σj )
contains an arc, namely h−1 (α), with both endpoints in ∂f (Σj ) ∩ ∂Σj . Now, either
Σj = f (Σj ) or not (corresponding to scenarios (i) and (ii) above, respectively), and in
the latter case h−1 (α) is in the set Aj . In either case, by our choice of gj , we have
dAC(f (Σj )) (gj f (h−1 (α)), h−1 (α)) > 1,
which contradicts the fact that gj f (h−1 (α)) = h−1 (α).
These three cases cover all the possibilities, and each results in a contradiction. Therefore,
we can conclude that MCG(S) has no comeager conjugacy class.
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